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Diaz and McLaughin [2,3] and Dunham [4] have considered the problem 
of simultaneously approximating two continuous functions f, and f2 by 
elements of C, a nonempty family of real-valued continuous functions on 
[a, b]. These results in a general setting have been given by Holland et al. 
(51 and Bosznay [I]. It is the aim of this paper to prove some further results 
under relaxed conditions. 
Let C be a subset of a normed linear space X. Given any bounded subset 
F in X, define 
An element c in C is said to be a best simultaneous approximation to set F 
if 
d(F, Cl = :~p IV- c Il. 
The following main theorem is given in [ 5 1. 
Let X be a uniformly convex Banach space and let A be a closed bounded 
and convex subset of X. For any compact subset F of X, there exists a 
unique best simultaneous approximation to F from elements of A. 
We prove the following theorem where the condition of uniform convexity 
has been relaxed. 
THEOREM 1. Let X be a strictly convex, Banach space, and C a weakly 
compact, convex subset of X. Then there exists a unique best simultaneous 
approximation from the elements of C to any given compact subset F of X. 
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ProoJ By definition c in C is said to be a best simultaneous approx- 
imation to F if 
46 ‘3 = gyp Ilf- c Il. 
It is proved in [ 5 ] that the function d defined by 
is convex and continuous and is, therefore, a weakly lower semicontinuous 
function on C. Since C is a weakly compact subset of X, 4 attains its 
infimum at c in C, say. Therefore, 
4Fv Cl = g,p Ilf- c Il. 
Now we show that the best simultaneous approximation is unique. 
Let c, and cr, c, fc,, be two best simultaneous approximations by 
elements of F, i.e., 
$’ Ilf- ~1 II= g; II$- czll = d, say. 
Then supf,, Ilf- Cc, + M2lI = d (see 151). 
Since F is compact there exists a f E F with 
sup I~++ IIf-T//=, 
it then follows that 
llf-c,Il=d and ]]f - c2 ]] = d. 
Since X is strictly convex we get that c, = c2. 
The following theorem, due to Holland et al. [S], can be obtained as a 
corollary. 
Let C be a closed, bounded and convex subset of a uniformly convex 
Banach spae X. Then for any compact subset F of X there exists a unique 
best simultaneous approximation to F from the elements of C. 
Since a uniformly convex Banach space is strictly convex and reflexive. 
Also, C is weakly compact so the result follows from Theorem 1. 
In [5] the following interesting theorem has been proved. 
Let C be a finite dimensional subspace of a strictly convex normed linear 
space X. Then there exists one and only one best simultaneous approx- 
imation from the elements of C to any given compact subset F of X. 
224 SAHNEYANDSINGH 
A natural question is suggested by this theorem. Is the hypothesis of finite 
dimension really necessary? 
We prove the following 
THEOREM 2. Let X be a strictly convex normed linear space and C a 
reflexive subspace of X. Then for any nonempty compact subset F of X there 
exists one and only one best simultaneous approximation in C. 
Proof. By definition 
The function 4: C -+ R defined by 
is continuous and convex on C [S]. Since F is compact, we have llfll <M 
for every fE F. 
We take a ball B = B(O,2M) c C. 
Then 
The ball B is weakly compact in C and 0 is a weakly lower semicon- 
tinuous function on B. Therefore # attains its infimum in B for some c E B, 
say, which is a best simultaneous approximation to F, i.e., 
W, Cl = zip IV- c II - 
Uniqueness follows as in Theorem 1. 
The above theorem is given in [I]; we have proved Theorem 2 along the 
lines given in [S]. 
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